HOSSAM GHANEM

(14) 7.1 The Derivative Of The Inverse Function (B)

THEOREM LET A function f isdifferentiable and hasainverse f~* THEN

1
[fH @ = A1) [f (0]

DT
A1)

T
Let f(x) =tan"lx +tan"(lnx) — 7 il O 28 July 2006 A

Example 1 (8 Show that f is one-to one over theinterval (0,00 ) .

(b) Findthedomainof f=1.

(c) Showthat P(0,1) isonthegraphof f1!

and find the slope of the tangent line at P.
Solution
Df = (0,0)
\(x) : + : 1>0 Vv x € (0,00)
= ¥ o 0
Lt 1+x? 14+ (nx)? x i }
~f 1T «~f1—-1 =~ f hasaninverse
beaadl) BRUL R ] 8 oo el ERRATEIF 40T
XLI(I)L X _xLI(I;l+ an - x an nx 4 = ) 4 = 4
. P “t(ny) — = B T _ 37
chgr{}of(x)—ig}otan x + tan"*(Inx) 2 2+2 = W
—3m 3w
Dy = (0,.2) R =57
o (—371 371) 4 (0, )
e =1 =l,— -1 = (00)
f 4 4 f 4

T T
f(1) =tan"'1+tan"'(In1) = +0-72=0

~ (1,0) onthegraph of f

~ (0,1) onthegraphof f~1

N2 gY = i +1—3
f i i

m= [ O = = =
AGT@) D3




(14) 7.1 Thederivative of theinverse function (B)

(1+1+2pts) Let f(x) =tan '(x+1Inx) ,x>0.
(@) Show that f~lexists.

Example2 () Findthe domain of £~

40 August 7, (c) Show that the point (%1) isonthegraphof f~*,and find

2011

the equation of the tangent lineto the graph of f~! at

(3:1)

Solution
Df = (0,00)
f(x) =tan"1(x + Inx)
141
= X
f\(x)_1+(x+lnx)2 >0 ¥V xe(0)

~f 1 «f1-1 =« f hasaninverse ~f~lexists

f()=tan™*(1+1In1) =tan" (1) = %
(1,%) onthegraph of f

(% , 1 ) onthegraphof f!

sl

1+= 2
f\(l):1+(1+}n1)2:§:1
e O - - s

A (®)

Vs
m=1 P(Z,l)
y =y =mx —x)
y—1=x—%
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(14) 7.1 Thederivative of theinverse function (B)

Given

Example 3 flx)=xe* +2sintx+sinhx3+1, —1<x<1.

Show that £~ existsand find

15 May 1999 A

the equation of the tangent lineto the graph of f~1 at the point P(1,0)

Solution
Df =[-1,1]
f(x) = xe** + 2sin~!x + sinhx® + 1

2 x2 2
fAx) = e* + 2x%e +m+ 3x2coshx3>0 vxe(-1,1)
~f 1T «f1—1 - fhasaninverse ~ f~1 exists
2
\ = Al =
O 1+0+7=+0=3
thepoint P(1,0) ~f"1(1) =0
m= O = = o = =
@) 1o 3
~m=3 P =0
y =y =mx—x)
y =3(x—x1)

X

Let f(x) = ftan(t) sec?(t) dt

, 0<x<m/2

(b) f(m/4)

27 June 2006 A

© \(3)

Example 4 0
Find (0ar (2])
Solution

F\(x) = tan(x) sec?(x)

4
f(%) = f tan(x) sec?(x) dx
Let u =0 tan x ~ du = sec?(x) dx
atx=0 ->->u=0 atng s>->u=1
f(%)zfu duzé[u] —%(1—0)=%

0 0

T 1 i R

r@=2 1 (3) =3
JA (%) = tan(%)sec2 (%) =1-2=2

it
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(14) 7.1 Thederivative of theinverse function (B) P4

Let f be aone-to-one differentiable function 32 January 2009 A

ExampleS gt f@)=3, f@) =5.FG) =4 1t g=f"
whatis g'(3)?

Solution
f2)=3
ff3) =2 ,g(3) =2

Ll &
9\ =13 =

1
ARl _\@ 5

Let g betheinversefunctionof f and 28 April 2009 A
Example6 1@ =xg*w.
If £(1) =3and f'(1) = 2 thenfind h'(3).

Solution
fQ1) =3 B f713) =1 1—)—)—) gi3)=1

T
\ = il \= = = —
Rl A= Rt er= 2

h(x) = xg*(x)
h\(x) = g%(x) + 2x g(x) g\(x)

R\3) = g°3) +23) g(3) g\ =1 +6-1 % i)
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(14) 7.1 Thederivative of theinverse function (B) P5

Homework

=

Giventhat f(x) = 2x3 + 5x + 3, 12 July 2000 A

find the slope of the tangent lineto thegraph of f~1(x) whenx = 10

IN

Given the function f(x) =x°+x3+2x — 2. 23 January 2005 A

(@) Show that f isone-to-one.
(b) Show that the point P(2,1) isonthegraphof f71,
and find the slope of the tangent lineto the graph of f~! at P.

(%]

Find the slope of the tangent line to the graph of f~1 at the

point (3,1), where f(x) = x7 +3x5 +x — 2 11 October 1999

>

Let f(x)=3x3—-2x"1—-1, x>0 34 August 2009 A

(a) Show that f isoneto-oneon (0, )
(b) Determine the domain of f~*

() Find (f ~)\(0)

I

Let f(x)=23*+2-5°—5 7 July 1997

Find an equation of the tangent line to the graph of £~ at the point P(—2,0)

o

| et f(x).=5e=2eqn —2/|.2( x€ (el 3 Nov. 1994

Find the slope of the tangent line to the graph of f~1 at the point ( 1,0)

I~

Let h(x) = 2x3 + 32*. 9 October 1998

Find an equation for the tangent to the graph of
y = h™1(x) atthepoint (1,0).
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(14) 7.1 Thederivative of theinverse function (B) P6

Homework
2 March 1993
g | Show that the function f (x) = (tan"'x —x) , (x € R) isdecreasing
. . . . -4
Find an equation of the tangent lineto the graph of f~! atthepoint P ( HT o) )
Consider f(x) =tan'x + coshx , x > 0. 19 March 2006 A
9 a. Provethat f isone-to-one.
b. Find the slope of the tangent lineto the curve y = f~1(x) at the
point (1,0).
Let f(x) =e*—tan"lx , x> 0. 16 November 2004
10 (@) Provethat fis1—1.
== (b) Find the domain and range of 1!
(c) Find an equation for the tangent lineto the curve y = f~1(x)
atthepoint (e —m/4, 1)
Let f(x) = tan~(VInx) +% 16 December 1999 A
(@ Whatisthedomainof f ? Show that f isone-to-one on itsdomain
11
(b)Show that P (g ,e) isonthe graph of f~! and find the equation of
the tangent lineto thegraph of f~1at P. (2 points)
Let f(x) =tan"'(x +2Inx),where x > 0. 26 January 2006 A
12 (@ Show that f isone-to-one on itsdomain .

(b) Findtherangeof f .

(c) Find the equation of the tangent line to the graph of f~1 at the point (% ,1 )

65168855 e lua




(14) 7.1 Thederivative of theinverse function (B) pP7

Homework

nx

i. Find the domainof f .

13 ii. Show that f isone-to-oneintheinterval (e, x) .
o iii. Find the slope of the tangent line to the graph of f~1(x) at the
oint p oy
ey
Let f(x) =cos™(e*) —In(x +2) —cos™i(e71). 24 May 2005 A
14 (8) Findthedomainof f
(b) Show that f hasaninverse.
(c) Find the slope of the tangent line to the graph of =1 at the point P(0,—1)
Consider f(x) = (1 = x)n@x+1) 34 August 2009 A
L—S (@) Find the domain of f
(b) Find £\(1/2)
Let f(x)=e*+ef ¥ | _w<x<ow 24 Mach 2008A
16 | i) Showthat f~! exitsandfind its domain.
i) Show that P(2,0) isonthegraphof f~! and find the slope of the
tangent lineto thegraphof f~'at P(2,0).
8 October 1997
Fal Sl
Let f(x) =In(cosx®) —2x+1whae0<x <1 15 July 2003 A
1/
a. Show that f~lexists
b. Find the equation of the tangent line to the graph of f~'at point p(1, 0)
r1
Let f(x) = f;e‘tdt | Ex= 0 30 January 2008
2
18

(@ Showthat f isone-to-oneon itsdomain.
(b) Explain why the points P( 0,2 ) isonthegraphof f~!
(c) Find the slope of the tangent line to the graph of f~1at P(0,2).
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(14) 7.1 Thederivative of theinverse function (B) P8

Homework
Let f(x)=e*—x for x€R. 31 10 July 2010
(8 Show that 1 isone-to-oneon R. [1 mark]
(b) Determine the domain of f~1 [1 mark]
(c) Explain why thepoint (1,0 ) isonthegraphof f~1,
and find the slope of the tangent line at this point. [2 mark]
(2+2+2pts) Let f(x) =sin"1(2—x)+1In(4—x?%) 33 April 10, 2011
(@) Findthe domainof f .
(b) Show that f has an inverse function.
(c) Find the domain of f~1

S

(1+2+1pts.) Let f(x) =/ (nx)? + 3. 36 June 6, 2010|

(a) Show that f isone-to-oneon[1,o0)

(b) Find (f 7' (2).

(c) Show that f isnot one-to-oneon (0, )

=

38 Jan. 22, 2011
(2+1pts.) Lety beafunctionof x defined implicitly by
y3+x%e¥+x*=1 , x>0
(a) Show that this function is one-to-one.
(b) Show that the graph of the inverse function has avertical tangentat (0,1)

N

11 October 1999
Show that the function
f(x) = V3+eXx 1, x €[1,o)isoneto-one.

Find f~1(x) and state its domain and range.

‘I\)
w

Consider f(x) = |x| tan 1 xfor —0 <x < 29 July 2009 A

() Show that f isone-to-oneon (—oo, )
(b) Determine the domain of f~*

(c) Find (f 1) \(rr/4)
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(14) 7.1 Thederivative of theinverse function (B) PO

Homework

Giventhat f(x) = x + In(e + tanh x). 21 January 2004 A

(8 Explain why thedomainof £ is(—o, ).
(b) Show that f isone-to-oneon its domain.
(c) Show that the point P(1,0) isonthegraphof f1
and find the equation of the tangent line to the graph of f 1 ap.

N
ol

Given f(x) = 3x2 — sin~1(2%) +g 22 June 2004 A
(@) Findthedomain of f
(b) Show that f~! exists, and find its domain.
(c) Why isthepoint P(3,—1) onthegraphof f~1?
Find the slope of the tangent line to the g_jraph of f~laP.

5

* ot dt
Let g(x) =f , (x=0) 6 March 1997

,. @hTE bt

Show that the g isone-to- one and find the equation of the tangent line to the graph of
itsinverse function g=! at thepoint P(0,2).

~

Show that if f isone-to-one,

then g(x) = e/® isaso one-to-one 32 January 2009 A
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(14

7.1 Thederivative of theinverse function (B)

P10

Consider f(x) = |x| tan "t xfor —c0o < x <

29 July 2009 A

23 (@) Show that f isone-to-oneon (—oo, )
T (b) Determine the domain of f~*
(c) Find (f "H)\(1/4)
Solution
Df = (—o0,00)
if x>0 f(x)= xtan1x
fAx) =tantx+ == >0 Vxe(0,») /
~f T on(0,) N | ——
[ e
if x<0 f(x)= —xtan"tx !‘: E_E
f\@)=—tanlx-——— >0  Vxe(-w,0) A W
~f T on (—x,0) ii -—
\

ifx<0 f(x)<O0
i 00 (AGE) 5 D
ifae(0,0) and b€ (—x,0) then f(a) # f(b)

~f 1T On (—oo,00) ~f1-1 - f has an inverse
T

lim f(x) = lim (—x tan"1x) = o (_ _) - — o

X——© X——00 2

lim f(x) = lim(x tan"'x) = o
X—00 200

o Df = (—OO, OO) Rf

“Dp-1 = (—o0,0)

T
- x| tan_lxzz »>->x=1
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(14) 7.1 Thederivative of theinverse function (B)

P11

Giventhat f(x) = x + In(e + tanh x).

(@) Explainwhy thedomainof f is(—oo, ).

21 January 2004 A

2;4 (b) Show that f isone-to-one on itsdomain.
(c) Show that the point P(1,0) isonthegraphof f~!
and find the equation of the tangent lineto the graph of f~! at P.
Solution
D¢ = (—o0,0)

—1 <tanhx <1

e—1<e+tanhx<e+1

~e+tanhx >0
=~ Dp = (=00, 0)

f(0O)=0+In(e) =1

Vx € (—,0)

~ f hasaninverse

=~ (0,1) on the graph of f
=~ (1,0) on the graph of f~1

1 e

PO =1+5=52
m = [f (D]

. i €

bl Te+1

1
TAFI®) N0 e+1

B0
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(14) 7.1 Thederivative of theinverse function (B)

6

P12

22 June 2004 A

Given f(x) =3x? —sin71(2%) + z

(@) Findthe domainof f

ol

Solution

(b) Show that f~! exists, and find its domain.
(c) Why isthepoint P(3,—1) onthegraphof f~1?
Find the slope of the tangent lineto the graph of f~! at P.

- x<0

Dy
2 <1 —— xIn2<0

Df = (—0,0)

2*In 2
0 V x € (—,0)

\ = .
fA\x) = 6x T <
~f l «~f1—1 .« f hasaninverse o 1 exists

Ry
/i1
lim f(x) = lim (3x2 —sin™1(2%) + —) £00
xX—>—00 X——o0 6
I () = li (32 ._1(2x)+7r)_0 71'+7T_—37T T —2m T
dm ) i — sin 6/ o BRBNE 60746 6 3
T
 Dpms = (=3, )
— o W1 Dae™ 3 _T T o
f(=1) =3(1) —sin 2+6—3 6+6—3
~ (—=1,3) on the graph of f
=~ (3,—1) on the graph of f1!
1 1
7In2 7In2 In2 6vV3—In2
V3

2
—6— -6
V3 e

2

fA\=1)=-6-— :
il
1 V3

1

— @) = - -
m = [f(3)] AF@®) \-D 6/3-In2
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(14) 7.1 Thederivative of theinverse function (B) P13

e Aok
6 2
Tl Show that the g isone-to- one and find the equation of the tangent line to
the graph of itsinverse function g=1 at the point P(0,2).
Solution
Dy = [0, 00)
X
g\(X)zm >0 V x E[0,00)
~g T «gl—-1 ~ g hasaninverse
=g =2
\(2) = — 2
g()_1+16_ﬁ1 L el
—) i) 0 \ = = = —
A TR OO
m = 7 P( 0,2 )
y—y1=m(x —x)
5= 17
yme=5%
27 Show that if f isone-to-one, 32 January 2009 A
e~ then g(x) = e/™) isalso one-to-one.
Solution
v f1-1
iy EFixg

fx) # f(xz)

s oefx) £ of(x2)
~g(x) # g(x)

) Sle iYL
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