
 

 

 
(14)   7.1   The Derivative Of The Inverse Function (B) 
 
THEOREM     LET      A  function  f   is differentiable  and has a inverse ݂ିଵ   THEN 
 

ሾ݂ିଵሺܿሻሿ\ = 1݂\൫݂ିଵሺܿሻ൯ ሾ݂ିଵሺݔሻሿ\ = 1݂\൫݂ିଵሺݔሻ൯ 

 
 

Example 1 

Let ݂ሺݔሻ = tanିଵ ݔ + tanିଵሺln ሻݔ − 4ߨ , ݔ > 0. 28  July  2006 A

      (a)  Show that  f  is one-to one over the interval ሺ 0 , ∞ ሻ  . 
      (b)  Find the domain of  ݂ିଵ .  
      (c)  Show that   ܲሺ 0 , 1 ሻ   is on the graph of  ݂ିଵ  
             and find the slope of the tangent line at P.    

Solution ݂ܦ = ሺ0, ∞ሻ 
 ݂\ሺݔሻ = 11 + ଶݔ + 11 + ሺln ሻଶݔ ∙ ݔ1 > ݔ ∀              0 ∈ ሺ0, ∞ሻ 

 ∴ ݂ ↑     ∴ ݂ 1 − 1    ∴ ݂   has an inverse  lim௫→଴శ ݂ሺݔሻ = lim௫→଴శ tanିଵ ݔ + tanିଵሺln ሻݔ − 4ߨ = 0 − 2ߨ − 4ߨ = 4ߨ3−  
 lim௫→∞݂ሺݔሻ = lim௫→∞ tanିଵ ݔ + tanିଵሺln ሻݔ − 4ߨ = 2ߨ + 2ߨ − 4ߨ = 4ߨ3  
 ∴ ௙ܦ = ሺ0, ∞ሻ                                                                                   ௙ܴ = ൬−34ߨ , 4ߨ3 ൰ ∴ ௙షభܦ = ൬−34ߨ , 4ߨ3 ൰                                                                                 ܴ௙షభ = ሺ0, ∞ሻ 
 ݂ሺ1ሻ = tanିଵ 1 + tanିଵሺln 1ሻ = 4ߨ + 0 − 4ߨ = 0 
 ∴ ሺ1,0ሻ on the graph of   ݂ 
 ∴ ሺ0,1ሻ on the graph of   ݂ିଵ ݂\ሺ1ሻ = 11 + 1 + 1 = 32 ݉ = ሾ݂ିଵሺ0ሻሿ\ = 1݂\൫݂ିଵሺ0ሻ൯ = 1݂\ሺ1ሻ = 23 
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 65168855                                              غانم حسام 

Homework 
 

1 
Given that  ݂(ݔ) = ଷݔ2 + ݔ5 + 3,   12  July  2000 A

find the slope of the tangent line to the graph of    ݂ିଵ(ݔ)  when ݔ = 10 

2 

Given the function   ݂(ݔ) = ହݔ + ଷݔ + ݔ2 − 2. 23  January  2005 A

(a)  Show that  ݂  is one-to-one. 
(b)  Show that the point ܲ( 2 , 1 )  is on the graph of ݂ିଵ,  
      and find the slope of the tangent line to the graph of  ݂ିଵ at ܲ. 

3 Find the slope of the tangent line to the graph of  ݂ିଵ at the 
point ( 3 , 1 ), where  ݂(ݔ) = ଻ݔ  + ହݔ3 + ݔ − 2 11  October  1999

4 

Let (ݔ)݂ = ଷݔ3 − ଵିݔ2 − ݔ    ,  1 > 0 34   August   2009  A

       (a) Show that  ݂  is one-to-one on  (0 ,∞) 
       (b) Determine the domain of  ݂ିଵ 
        (c) Find (݂ିଵ)\(0) 

5 
Let (ݔ)݂ = 2ଷ௫ + 2 ∙ 5௫ − 5 7  July  1997

Find an equation of the tangent line to the graph  of ݂ିଵ  at the point ܲ(−2 , 0 ) 
6 

Let (ݔ)݂ = 5݁௫ − 2݁ି௫ − 2 ,  ( ݔ ∈ (−∞,∞) ). 3  Nov.  1994

Find the slope of the tangent line to the graph of  ݂ିଵ  at the point  (  1 , 0 ) 
7 

Let ℎ(ݔ) = ଷݔ2 + 3ଶ௫ .   9  October  1998

        Find an equation for the tangent to the graph of 
ݕ         = ℎିଵ(ݔ)  at the point (1,0). 
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Homework 
 

8 

 2 March  1993

Show that the function ݂(ݔ) = (tanିଵݔ − (ݔ , ݔ) ∈ ܴ) is decreasing 

Find an equation of the tangent line to the graph of  ݂ିଵ at the point   ܲ ൬ ߨ − 44 , 0 ൰
9 

Consider ݂(ݔ) = tanିଵ ݔ + cosh ݔ , ݔ ≥ 0. 19  March  2006 A

       a.   Prove that   f  is one-to-one. 
      b.   Find the slope of the tangent line to the curve  ݕ = ݂ିଵ(ݔ) at the  
            point ( 1 , 0 ). 

10 

Let (ݔ)݂ = ݁௫ − tanିଵ ݔ , ݔ > 0. 16  November  2004

       (a)   Prove that  f  is 1 − 1. 
       (b)   Find the domain and range of   ݂ିଵ 
       (c)   Find an equation for the tangent line to the curve ݕ = ݂ିଵ(ݔ)  
              at the point (݁ − , 4/ߨ 1 ) 

11 

Let (ݔ)݂ = tanିଵ൫√ln ൯ݔ + December  1999 A  16 4ߨ

(a)   What is the domain of  ݂  ?  Show that  ݂ is one-to-one on its domain   

(b)Show that ܲ ቀ2ߨ , ݁ቁ is on the graph of  ݂ିଵ and find the equation of 

      the tangent line to the graph of  ݂ିଵ at P .  (2 points)

12 

Let (ݔ)݂  = tanିଵ(ݔ + 2 ln (ݔ , where ݔ > 0. 26 January  2006 A 

      (a)  Show that  f  is one-to-one on its domain . 
      (b)  Find the range of   f  .   

     (c)  Find the equation of the tangent line to the graph  of  ݂ିଵ at the point ቀ 4ߨ , 1 ቁ 
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Homework 
 

13 

Let ݂ሺݔሻ = ln ݔ + 1ln July  2008 A  26 ݔ

      i.   Find the domain of  ݂ . 
       ii.   Show that ݂ is one-to-one in the interval ሺ݁,∞ሻ . 
      iii.   Find the slope of the tangent line to the graph of  ݂ିଵሺݔሻ at the 

point ܲ ൬52 , ݁ଶ ൰ 

14 

Let ݂ሺݔሻ = cosିଵሺ݁௫ሻ − lnሺݔ + 2ሻ − cosିଵሺ݁ିଵሻ. 24  May  2005 A

       (a)  Find the domain of  ݂ 
       (b)  Show that  ݂  has an inverse. 
       (c)  Find the slope of the tangent line to the graph of  ݂ିଵ  at the point ܲሺ 0 , −1ሻ 

15 
Consider ݂ሺݔሻ = ሺ1 − ሻ୪୬ሺଶ௫ାଵሻ 34   August   2009  Aݔ

        (a) Find the domain of  ݂  
        (b) Find ݂\ሺ1/2ሻ  

16 
Let ݂ሺݔሻ = ݁௫ + ݁୲ୟ୬షభ ௫ , − ∞ < ݔ < ∞. 24  March     2008 A

 i)   Show that   ݂ିଵ  exits and find its domain. 
ii)   Show that ܲሺ 2 , 0 ሻ is on the graph of   ݂ିଵ  and find the slope of the  
       tangent line to the graph of   ݂ିଵ at  ܲሺ 2 , 0 ሻ. 

17 
Let ݂ሺݔሻ = lnሺcos ଷሻݔ − ݔ2 + 1 where 0 ≤ ݔ ≤ 1 8  October  1997 

15  July  2003 A

 a. Show that ݂ିଵexists   
 b. Find the equation of the tangent line to the graph of  ݂ିଵat point ݌ሺ1 , 0ሻ  

18 

Let ݂ሺݔሻ = න ݐ1 ݁ି௧݀ݐ௫
ଶ , ݔ > 0 30  January  2008

      (a)  Show that   f   is one-to-one on its domain. 
      (b)  Explain why the points ܲሺ 0 , 2 ሻ is on the graph of  ݂ିଵ 
      (c)  Find the slope of the tangent line to the graph of  ݂ିଵ at ܲሺ 0 , 2 ሻ. 
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Homework 

 

19 

Let (ݔ)݂ = ݁ି௫ − ݔ for ݔ ∈ ℝ. 31   10 July 2010

     (a)  Show that   f  is one-to-one on ℝ.                                                           [1 mark] 
     (b)  Determine the domain of ݂ିଵ                                                                [1 mark] 
     (c)  Explain why the point ( 1 , 0 ) is on the graph of ݂ିଵ, 
            and find the slope of the tangent line at this point.                                  [2 mark]

19 

(2+2+2 pts)  Let  ݂(ݔ) = sinିଵ( 2 − ݔ ) + ln( 4 − ଶݔ ) 33  April 10, 2011

       (a)  Find the domain of ݂ .
       (b)  Show that ݂ has an inverse function. 
       (c)  Find the domain of ݂ିଵ 

20 

(1+2+1 pts. )  Let  ݂(ݔ) = ඥ(ln ଶ(ݔ + 3 . 36  June 6, 2010

     (a) Show that  ݂ is one-to-one on ሾ 1 , ∞ ) 
     (b) Find (݂ିଵ)ᇱ(2). 
     (c) Show that  ݂ is not one-to-one on ( 0 , ∞ ) 

21 

38   Jan. 22, 2011  
(2+1 pts. )  Let ݕ be a function of  ݔ  defined implicitly by  ݕଷ + ଶ݁௬ݔ + ସݔ = ݔ      ,       1 ≥ 0  
      (a) Show that  this function is one-to-one . 
      (b)  Show that the graph of the inverse function has a vertical tangent at ( 0 , 1 ) 

22 
11  October  1999 
Show that the function 
(ݔ)݂   =  √3 + ݁௫ିଵ  ,    ݔ ∈ ሾ 1 ,∞ ) is one-to-one.  
 Find ݂ିଵ(ݔ) and state its domain and range. 

23 

Consider  ݂(ݔ) = |ݔ| tanିଵ ∞−   for ݔ < ݔ < ∞ 29   July   2009  A

       (a) Show that  ݂  is one-to-one on  (−∞ ,∞) 
       (b) Determine the domain of  ݂ିଵ 
        (c) Find (݂ିଵ)\(4/ߨ) 
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Homework 
 

24 

Given that  ݂(ݔ) = ݔ + ln(݁ + tanh January  2004 A  21 .(ݔ

     (a)  Explain why the domain of   f   is (−∞,∞).                                                
      (b)  Show that   f   is one-to-one on its domain.                                                 
      (c)  Show that the point  ܲ( 1 , 0 ) is on the graph of  ݂ିଵ  
              and find the equation of the tangent line to the graph of  ݂ିଵ  at P.     

25 

Given (ݔ)݂ = ଶݔ3 − sinିଵ(2௫) + June  2004 A  22 6ߨ

       (a)  Find the domain of  f  
       (b) Show that  ݂ିଵ exists, and find its domain. 
       (c) Why is the point  ܲ( 3 , −1 ) on the graph of  ݂ିଵ ?  
             Find the slope of the tangent line to the graph of  ݂ିଵ at P. 

26 
Let (ݔ)݃ = න ݐ ௧ିଶ݁ݐ݀ + ସ௫ݐ

ଶ , ݔ) ≥ 0) 6 March  1997

Show that the  ݃  is one-to- one and find the equation of the tangent line to the graph of 
its inverse function ݃ିଵ   at the point  ܲ( 0 , 2 ). 

27 Show that if   ݂   is one-to-one,  
 then  ݃(ݔ) = ݁௙(௫)  is also one-to-one 32   January   2009 A 
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